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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀

��

D@½Ä \���(Scaled boundary finite element method;

SBFEM)t�?

1996D John P. Wolf@ C. SongÐ Xt� ��

t��í(Analysis domain)D D@½Ä�\Ä(Scaled

boundary coordinate)\ XX

 \���ü ½Ä���X ¹1°i

4\�íX �¬Ð ��

“ \���Ð 0�| T 0øt� D�Æ� �t��x

½Ä���”
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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀

D@½ÄÀX I

D@½ÄÀXX �\
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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀

D@½ÄÀX II

�XX õ�D ½Ä)¥(circunferential direction)X �\ η, ζ

@ �À�)¥(radial direction)X �\ξ\ \Ü

�À�)¥X 0�t �� �\(ξ = 0)| D@�ì(scaling

center)| h.

½Ä� ξ = 1\ à�� �D �Ð

�X�X �\� ½ÄX D@(scaling)\ �ÀÄ

x̂ (ξ, η, ζ) = ξx (η, ζ) = ξ [N (η, ζ)] {x}

ŷ (ξ, η, ζ) = ξy (η, ζ) = ξ [N (η, ζ)] {y}

ẑ (ξ, η, ζ) = ξz (η, ζ) = ξ [N (η, ζ)] {z}
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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀

D@½ÄÀX III

½Ä)¥@ |��x  \��\ ô� �À�)¥@ t��x

�\\ �ÀÄ

½ÄX è�Ð tùX� t(side face)@ ô��À JL.
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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀

D@½Ä \ ���X ðl�i

�0Ð� Ù�-À�lp< Á8�©t�Ð ��.

tÄ ä�\ �íX t�Ð �©ÜÄ.

�Q�t�,  ¬½ÄX t�, àôt�ñÐ �©

4\�íü ��\  \�íX t�Ð ¥�D �Ð
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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀

DÙÈ�4\õ�(nonhomogeneous half space)

JtÐ 0| �Ä� ÀX� �í

ô�5ü �@ À�X ¹1

��m�íÐ �t�� Dohertyñt ðl(2003)

ø ðlÐ� õY�<\ ä©1t �@ �4\ÉtÐ �\

�(ÝD  Ä
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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀ DÙÈ�ÉtX <1X �(ÝX  Ä tX °� Log mode

© (

1 D@½Ä \���
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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀ DÙÈ�ÉtX <1X �(ÝX  Ä tX °� Log mode

DÙÈ�ÉtÐ�X <1X I

JtÐ 0| Ä1Ä�� À�h�\ ÀX� �íD ��

E = mEyα

E (ξ, s) = mE (ξy(s))α = mE ξα(y(s))α
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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀ DÙÈ�ÉtX <1X �(ÝX  Ä tX °� Log mode

DÙÈ�ÉtÐ�X <1X II

�XJtÐ� ξ�Ð Å½�x Ä1Ä�\��¥

E = mE ξα

(
y

ξ

)α

= mEyα
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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀ DÙÈ�ÉtX <1X �(ÝX  Ä tX °� Log mode

�(ÝX  Ä I

Ä1�íÐ�X Q%

{σh(ξ, s)} =[D(s)]ξα{εh(ξ)}

=[D(s)]ξα{[B1(s)]{uh(ξ)},ξ +
1

ξ
[B2(s)]{uh(ξ)}}

�ÁÀ�`

{δε(ξ, s)} = {[B1(s)]{δu(ξ)},ξ +
1

ξ
[B2(s)]{δu(ξ)}}
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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀ DÙÈ�ÉtX <1X �(ÝX  Ä tX °� Log mode

�(ÝX  Ä II

�Á|X Ð¬�©(!tX�ü ´�%4Ü)

∫
V

{δε(ξ, s)}T{σh(ξ, s)}dV −
∫
S

{δu(s)}T{t(s)}ds = 0

t��íX ´�|∫
V

{δε(ξ, s)}T{σh(ξ, s)}dV

=

1∫
0

{δu(ξ)}T
,ξ

[
ξα+1[E 0]{uh(ξ)},ξ + ξα[E 1]T{uh(ξ)}

]
dξ

+

1∫
0

{δu(ξ)}T
[
ξα[E 1]{uh(ξ)},ξ + ξα−1[E 2]{uh(ξ)}

]
dξ

80D̀ D@½Ä \���



SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀ DÙÈ�ÉtX <1X �(ÝX  Ä tX °� Log mode

�(ÝX  Ä III

ì0� Ä��,@

[E 0] =

∫
s

[B1(s)]TD(s)[B1(s)]|J|ds

[E 1] =

∫
s

[B2(s)]TD(s)[B1(s)]|J|ds

[E 2] =

∫
s

[B2(s)]TD(s)[B2(s)]|J|ds

80D̀ D@½Ä \���



SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀ DÙÈ�ÉtX <1X �(ÝX  Ä tX °� Log mode

�(ÝX  Ä IV

{δu(ξ)}T
,ξD ìhX� mÐ �\ ����

1∫
0

{δu(ξ)}T
,ξ

[
ξα+1[E 0]{uh(ξ)},ξ + ξα[E 1]T{uh(ξ)}

]
dξ

= {δu}T
[
[E 0]{uh},ξ + [E 1]T{uh}

]
−

1∫
0

{δu(ξ)}T
[
ξα+1[E 0]{uh(ξ)},ξξ + (α + 1)ξα[E 0]{uh(ξ)},ξ

]
dξ

−
1∫

0

{δu(ξ)}T
[
ξα[E 1]T{uh(ξ)},ξ + αξα−1[E 1]T{uh(ξ)}

]
dξ
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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀ DÙÈ�ÉtX <1X �(ÝX  Ä tX °� Log mode

�(ÝX  Ä V

x�|Ð �\ m∫
s

{δu(s)}T{t(s)}ds = {δu}T

∫
s

{N(s)}T{t(s)}ds

�Á|X Ð¬| äÜ ðt äLü �ä.

{δu}T
[
[E 0]{uh},ξ + [E 1]T{uh}

]
− {δu}T{P}

+

1∫
0

{δu(ξ)}T
[
−ξα+1[E 0]{uh(ξ)},ξξ − (α + 1)ξα[E 0]− {uh(ξ)},ξ

−ξα[E 1]T{uh(ξ)},ξ − αξα−1[E 1]T{uh(ξ)} + ξα[E 1]{uh(ξ)},ξ

+ξα−1[E 2]{uh(ξ)}
]
dξ = 0
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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀ DÙÈ�ÉtX <1X �(ÝX  Ä tX °� Log mode

�(ÝX  Ä VI

DÙÈ�4\ ÉtÐ �\ SBFEMX 0øÝ

{P} =
[
[E 0]{uh},ξ + [E 1]T{uh}

]
ξα+1[E 0]{uh(ξ)},ξξ

+[(α + 1)[E 0] + [E 1]T − [E 1]]ξα{uh(ξ)},ξ

+[α[E 1]T − [E 2]]ξα−1 = 0

!ÀX�D à$X� ½°

ξα+2[E 0]{uh(ξ)},ξξ + ξα+1[(α + 1)[E 0] + [E 1]T − [E 1]]{uh(ξ)},ξ

+ξα[α[E 1]T − [E 2]]{uh(ξ)} + ξ{Ft(ξ)} = 0
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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀ DÙÈ�ÉtX <1X �(ÝX  Ä tX °� Log mode

tX °� I

SBFEMX |�t

{uh(ξ)} = c1ξ
−λ1{φ1} + c2ξ

−λ2{φ2} + · · ·

ì0�

ci� ��X À�¨Ü� 0ìÄ

λi� ��À�¨ÜX �ÁÀ�

¹1)�Ý

{qi} = [[E 1]T − λi [E
0]]{φi}
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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀ DÙÈ�ÉtX <1X �(ÝX  Ä tX °� Log mode

tX °� II

1( à X8�\ �X(2n�X � Ä) [E 0]−1[E 1]T −[E 0]−1

[E 1][E 0]−1[E 1]T − [E 2] α[I ]− [E 1][E 0]−1

 φ

q


= λ

 φ

q


!tX�Ð �\ À�¨Ü

{φt} =
[
(t + 1)(t − α + 1)[E 0] − (t − α + 1)[E 1]

+(t + 1)[E 1]T − [E 2]
]−1

{−Ft}

80D̀ D@½Ä \���



SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀ DÙÈ�ÉtX <1X �(ÝX  Ä tX °� Log mode

tX °� III

\�À�

{uh(ξ, s)} = [N(s)]

(
ξt−α+1{φt} +

n∑
i=1

ciξ
−λi{φi}

)

\�Q%

{σh(ξ, s)} =[D(s)]ξt [(t − α + 1)[B1(s)] + [B2(s)]]{φt}

+ [D(s)]
n∑

i=1

ciξ
α−λi−1[−λi [B

1(s)] + [B2(s)]]{φi}
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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀ DÙÈ�ÉtX <1X �(ÝX  Ä tX °� Log mode

Log ModeX à$ I

ètt ÀX� 4\8t	

A(x) = A0(x/x0)
n

E (x) = mE

(
x
x0

)α
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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀ DÙÈ�ÉtX <1X �(ÝX  Ä tX °� Log mode

Log ModeX à$ II

ø�PØ dxÐ�X É�)�Ý

σ(x),xA(x)dx + σ(x)A(x),xdx + σ(x),xA(x),xdx2 = 0

à(mX Ýµ � �¬

x2u(x),xx + (n + α)u(x),x = 0

ξ = x
x0
| ��

ξ2u(ξ),ξξ + (n + α)ξu(ξ),ξ = 0
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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀ DÙÈ�ÉtX <1X �(ÝX  Ä tX °� Log mode

Log ModeX à$ III

½ÄptX ��

P = −σ(x0)A(x0) =
mEA0

x0
u(ξ = 1),ξ

lim
ξ→∞

u(ξ) = 0

Euler–Cauchy)�Ý

u(ξ) = Φξλ + a

Euler–Cauchy)�ÝX t

Φ =
−x0P

(1 − (n + α))mEA0
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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀ DÙÈ�ÉtX <1X �(ÝX  Ä tX °� Log mode

Log ModeX à$ IV

ÙÈÉt8�(n = 1, α = 0)x ½° ¹�\ t� D� → Log

mode

DÙÈÉtÐ�� Euler-Cauchyt| ø�\ �©�¥, Log

mode�D�
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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀ Àèt 4\	 ä�0�
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1 D@½Ä \���
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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀ Àèt 4\	 ä�0�

Àèt 4\	 I

Àèt 4\	X ¨xÁ

x1 = 1, b0 = 1, p = −1, mE = 100, ν = 0.3

2���, 1���\ ¨xÁ
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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀ Àèt 4\	 ä�0�

Àèt 4\	 II

à X t�°ü
Mode 1 Mode 2 Mode 3 Mode 4

à X 6.2374 1.5 0.5 0.5

1-x -5.321E-05 6.020E-18 2.618E-03 1.544E-02

1-y 3.872E-04 -8.027E-18 -1.533E-02 1.346E-02

2-x -5.321E-05 -6.020E-18 -2.717E-03 2.078E-02

2-y -3.872E-04 -8.027E-18 -1.534E-02 1.721E-02
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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀ Àèt 4\	 ä�0�

Àèt 4\	 III

4\	X �)¥À�
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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀ Àèt 4\	 ä�0�

�4\ ÉtÐ ä�� 0� I

ä�0�X ¨xÁ

0� <1X : E = 10000, ν = 0.3, α = 0

À� <1X : E = 100, ν = 0.3, α=?

1/2¨x,  \�íX !ÀX�<\ ��À�

80D̀ D@½Ä \���



SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀ Àèt 4\	 ä�0�

�4\ ÉtÐ ä�� 0� II

À��Á
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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀ Àèt 4\	 ä�0�

�4\ ÉtÐ ä�� 0� III

À\t À�X DP
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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀ Àèt 4\	 ä�0�

�4\ ÉtÐ ä�� 0� IV

À�Q%

α = 0.1 α = 0.5 α = 0.9
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SBFEM DÙÈ�ÉtÐ� SBFEM �X�� °̀

°`

�4\ DÙÈ À�Ð �\ D@½Ä \���X  Ä

�X��| µ\ ��

�©�|X U�| �\ ðl� D�
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